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ABSTRACT

The influence of combined states of stress on the shear response
along material principal directions in of f-ax{s, unidirectional, composite
coupons is examined for svstems whose matrix 6&Lcrinl obuvs khc von Mises
vield condition. Such analvsis [s motivated by trends in experimental
data observed for at least two composite svstems that indicate deviation
from pure shear behavior along material directions for varfous of f-axis
configurations.

The vield function for plane strcss‘nf a transversely isotropic
composite lamina consisting of stiff, linearly elastic fibers and a
von Mises matrix material is formulated in terms of Hill's elastic stress
concentration factors and a single plastic constraint parameter. The above
are subscquently evaluated on the basis of observed average lamina and
constituent response for the Aveo 5505 boron-epoxy system. It is shown
that inclusion of residual stresses in the vield function topether with the
incorporation of Pubey and Hillier's concept of generalized vield stress
for anisotropic media in the constitutive equation correctly predicts the
trends observed in experiments.  The incurvoratioﬁ of the strong axial
stress interaction necessary to predict the correct trends in the shear
response is directly traced to the high restdual axial stresses in the

mattrix induced during fabrication of the composite,
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IRTRODUCTION

The use of the off-axis tensile specimen for determination and/or
verification of elastic properties and fracture streﬁgth of unidirectional
composite materials is well documented, eq. Sih [1f. As most composite
materials exhibit varying degrees of nonlinear response prior to failure
in an off-axis tension test, this specimen would also appear well suited
for verification of the various assumptions in a number of nonlinear
theories recently proposed in the literature, as well as some of their
consequences. An indirect outgrowth of certain assumptions employed in
one such theory, for instance, is a recently proposed method for determi-~
nation of nonlinear lamina shear stress-strain response on the basis of
the 10° off-axis tension test [2].

The vonlinear response of unidirectional composites is a complex
phenomenon which can be caused by a number of diverse mechanisms such as
nonlinear constituent behavior, damage accumulation’ through fiber or
matrix cracking or debonding, fiber rotation or any combination of the
above to mention the better known causes. 'The extension of resﬁlts of
the uniaxial test along principal material directions to constitutive
models for multiaxial loading situations is not always straightforward
due to the possibility of various stress interactions taking place at the
microlevel. Foy [3] for example demonstrated the influence of the trans-~
verse normal stress component on the shear strain response (and vice
versa) along the matecial axes for composites with stiff, linearly elastic
fibers and ductile matrices using a finite element, micrq-mechanical anal-

ysis. He showed that for combined normal shear loading in a fixed ratio




yielding initiated sooner and the extent of inelastic behavior was more
pronounced than for either normal or shear stress acting alone (Fig. 1).

A number of macromechanical constitutive models have bezen proposed in
the literature [4-8] to describe the nonlinear response of lamina with
stiff, elastic fibers and significantly more compiiant and often ductile
matrices. The early attempts [4,5] disregarded the possibility of stress
interaction in the nonlinear range during combined loadings, while in the
later formulations this effect was taken into account, often in an
heuristic manner. Ome such model due to Hashin et al [6] is reminiscent
of the total deformation theory of plasticity in that the stress interac-
tion is accounted for through a loading function, based upon an invariant
formulation, which is used to determine the different functional forms of
the various strain components. The loading function is limited to quad~
ratic terms in transverse normal and shear stresses ~hus eliminating the
possibility of the axial normal stress influence on the transverse and
shear strain behavior.

Data generated by Cole and pipes [9] are employed in this paper to
re—examine and study the extent of stress {nteraction in off-axis unidi-
rectional boroa-epoxy coupons with the aid of Hashin's model and a micro-
mechanical approach utilizing a yield function concept based on Hill's
method [10] for determining the elastic stress concentration factors.

The results of the micromechanical analysis are subsequently employed in
Dubey and Hillier's generalized yield stress formulation {11] to study
the nonlinear shear stress-strain response along the principal material
directions in off-axis tension coupons. Several fiber orientation are

considered including the 10° coupon which has been proposed for the
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determination of pure shzar response.

The influence of stress jnteraction on the ghear vesponse in the
of f-axis tensile tests of Cole and Pipes is showr in Fig. 2 along with the
pure shear response obtained from unidirectional tubes. Thesc_experimental
results show that the extent of inelastic behavior is not a monotonic
function of fiber orientaiion. The inelastic shear strains (for a speci-
fied shear stress) decrease in magnitude as the fiber angle is increased
from 15° to 30°, but as thé fiber angle is increased further to 45° the
inelastic strains increase. (Similar behavior nas been observed by the
authors for the graphite-polyimide off-axis coupons.) Ome of the goals
of this paper is to provide an explénation for such behavior.

In the first part of the papef the model of Hashin et al is brieflf
outlined. It is then used to pradict the shear stress-strain responsé
along material axes using unidirectional data taken from Ref. {9]. An
empirical observation is made that modification of Hashin's model by
incorporation of an axial normal stress interaction term significantly
improves correlation with the experimental data. Based on the above
results, micromechanical fo.mulation of theyyield‘function for the
composite in the s osence of stiff fibers is employed along with Dubey's
generalized yield stress concept to examine the effect of the 911 stress
component on yielding in the matrix phase and its consequences On the
nonlinear sﬁear response along material directions. Iv is shown that
jncorporation of the presence of residual curing stresses in the composite
leads to the correct prediction of trends in the éxperimental shear stress-

strain data of Cole and Pipes.
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STRESS INTERACTION MODEL

Fo lowing classical concepts of deformation theory of plasticity
Hashin ec al [6] assume that the inelastic part oi strain can be expressed
in the following manner,

eij = oijfij(L) (no summation) (1)

where L is some general quadratic loading function of the stresses.

Since composites which employ stiff fibers such as beron or graphite
behave linearly (or nearly so) under loads applled in the fiber direction,
the plastic response is assumed to be Jimited to trausverse and shear
strains. Furthermore, the effect of the stress in the fiber direction

on the remaining strain components 1s neglected and thus Eq. (1) is

expressible as follows:

o

P %12 . 2 2
‘12 7 7%, f15 (a70y, + Bo}y)

(2)
P %o 2 2
22 7 E,, fyy (@70, + Bo]y)

where the interaction term 912%9 has been excluded on the basis of
material symmetry arguments and only strains relevant to laminate analysis
retained. The functional form of f22(L) and le(L) is determined from
uniaxial tcnsion and torsion tests along material directions. It is noted
that no explicit mention is made of the yield function and its relationship
to fhe loading funciion in this formulation despite apparent separation of
the total strain into elastic and inelastic or plastic portions. Combining

plastic and elastic portions of strain, the relevant total strain components

become:




7
e el V12
u g, TE; ‘2
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12 2G12 zclz oy Ty

where the constants M, N, 0, and Ty are obtained from the Ramberg-Osgood

approximation of uniaxial tests.




THEORETICAL-EXPERIMENTAL~CORRELATION

Data presented by Cole and Pipes on the Avco 5505 boron-epoxy system
have been employed to determine the Ramberg-Osgood parameters in ﬂashin's
model. These are given in the appendix. Predicted shear response in the
material coordinateAsystem for the vario§s off-axis fiber orientations is
plotted in Fig. 3. While Hashin's model predicts monotonically decreasing
response with increasing off-axis angle, the experimental data points to a
reversal around 30° off-axis angle (Fig. 2).

The concept of stress interaction in an elastoplastic material can be
illustrated by considering the shear stress-strain response along axes
inclined at some angle with respect to the loading direction of an isotropic
tensile specimen. The hypothetical isotropic material is taken to have the
same shear properties as the considered boron-epoxy system for illustration
purposes. Using the J2 isotropic theory (in this case the flow and defor-
mation approaches are coincident) the shear response along the inclined

axes is given by:

N-1
o) ag - O
_ 12 12 .2 .1 2 2 2 ,12.K-1
€59 = LT -EE——-[ 3 + 3 (tan"® + cotan"0)] ( = ) (4)
12 12 y
with yield governed by:
o}, [ 2+ % (tan®0 + cotan®0)] = 5%, 0<6<90° C(5)

(or alternatively, 012 zg S 51in28) where S is the yield strezs in
in pure shear. Eq. (4), plotted in Fig. 4, predicts monotonically
increasing shear response along rotated axes with increasing angle between

0° and 45° with reversal occuring at 45°. This follows from the symmetry
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of the yield function (Eq. 5) about the 45° angle. For comparison purpuscs
Hashin's theory (Fig. 3) yields the following relation for the shear res-
ponse along material axes {nclined at the same angle as the reference axes

in the hypothetical isotropic specimen

' N-1
o v 2 - 0
I Y- + 12 (1 + ( X) tanze] 2 ( 12)N-1 (6)
12 2G 2G o 1
12 12 y y

g
€

The absence of the resolved shear stress reversal in the above model can be

directly traced to the absence of the axial stress (011) interaction term.




MICROMECHANICAL CONSIDERATIONS

Assuming that the matrix can be modelled as a von Mises solid that
controls the nonlinear response of the composite, the yield function of
the lamina can be determined from the knowledge.of the stress concentration
factors at yield. We take the view that these stress concentration factors
are related to the average elastic concentration factors through a single
plastic constraint parameter. This appears to be partially substantiated
by various finite-element, micromechanical studies, c.f. Dverak and Rao
{12}, which have revealed that although yielding usually starts at the
fiber/matrix 1nterface, the stress vector remains nearly radial under
proportional loading. The yield zone on the other hand spreads rapidly
throughout the entire matrix with increasing external tractions.

The elastic stress concentration factors can be determined from the
knowledge of the average lamina as well as comstituent response following
Hill's outline [10]. The relationship between average matrix and external
stresses at yield, including residual stresses, is then assumed to be

expressible as follows:

1im By Bz O %11 ) 1mr
Sppm ! =Ko | B2 P22 ° S22 1 ¥ { %22ar )
%12m 0 0 B J\%2 0

where subscript m refers to matrix, r residual and no subscript external

-0
= - = - =5 - 1llmr
stresses. Also, 033m A°33mr where 022mr 033mr A

, and the elastic

stress concéntration factors Bll"""’B66 are given in the appendix.

Here, Kp is the previously mentioned plastic constraint factor to be

12




13

determined from experimental data, and the single scale factor A is a
consequence of transverse isotropy of the composite.
Employing the above formulation, von Mises yield function for the

transversely isovropic iamina in plane stress becomes:

1,2 2.2 1,2 -2 2
3 (Byg- 11521+“21)°11Kp +3 (Byy- 12322"32?)“22

1 - - 2
+ 3 (28118154289 B957B11892 821 B12)911920K,

1.~

1 1 -
A %11mr (381978920 959K,

t30Q )°11mr( B117By)oiK, *+ 3

v(l_

2 -2 2 2

2
66°12Kp = [(1 ) %) 1mr)

+ B (8)

where K is the yleld shear stress of the matrix material.

The importance of the residual stresses cannot be overemphasized,
Employing a single inclusion composite cylinder model and temperature
dependent material properties for this particular system, the average cur-~

ing stresses have been estimated to be:

ollmr 1
%omr £ = 2786 \ 1/3 ( psi 9
o33mr 1/3

Although time dependent response has not been considered due to insuf-
ficient data, the reduction in residual stresses due to viscoelastic
response will be partially off-set by the use of a single inclusion com-
posite cylinder model which generally undérestimates induced stresses.

The above yield function (Eq. 8) is plotted in Fig. 5 in terms of the

PR

resolved shear stress along the material axes and the off-axis angle.




NORMALIZED SHEAR YIELD STRESS

14

1.0
BORON-EPOXY SYSTEM
WITH RESIDUAL
7 BORON-EPOXY STRESSES
SYSTEM - NO
RESIDUAL
0.8 STRESSES
0.6 —
0.4 —
ISOTROPIC, VON MISES SOLID
0.2 —
0.0 | I 1 l ] l 1 l

0 207 40° 60° ' 80°
OFF-AXIS ANGLE
FIG. 5. VYIELD SHEAR STRESS OF AVCO BORON-EPOXY SYSTEM ALONG THE

MATERIAL PRINCIPAL DIRECTIONS OF AN OFF-AXIS TENSION COUPON
AS A FUNCTION OF THE FIBER ORIENTATION.




15

Also plotted are the yield functions of an equivalent isotropic material
and a transversely isotropic lamina with no residual stresses. It is
clearly seen that thg reversal cf the shear stress~strain response evident
in Cole's and Pipes' data can.be explained on the basis of initial yielding
in the matrix. To do this we formulate a generalized yield stress function

according to Dubey's and Hillier's suggestion as follows:

- S
0= Ci5% 4 * "Peyue®13%s

and assume that the plastic shear strain is a function of 0. The coeffi-

cients C are determined from the yield function given by Eq. (8)

13 Pigke
and the pure shear response. These are given in the appendix. The result-
ing shear stress-strain curves along material axes for the various off-axis
angles are presented in Fig. 6 indicating the extent of stress interaction.
It is seen that the use of the 10° off-axis specimen for determination of

pure shear response can lead to noticeable deviations for a material syscem

that can be wodelled by the assumed set of governing equations.
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CONCLUSTONS

The deviations from pure shear res,onse along material axes in an off-
axes tension test for the Avco 5505 boron-epoxy system have been explained
to a large extent on the basis of micromechanical formulation of a yield
surface and a generalized yield stress concept. The model is applicuble
to systems with stiff, linearly elastic fibers and ductile matrices whose
response can be approximated by that of a von Mises solid. The trends
evident in the data of Cole and Pipes for the shear response along the
material principal directions are traced to the strong\gxial stress (511)
interaction which in turn follows from relatively significant residual
stresses. The model predicts that in the absence of these stresses the
influence of axfal stress on nonlinear shear stress-strain response for
low oif-axis fiber orientations {is only significant in the 0°-5° off-axis
range. When the residual stresses are included, however, this influence
is noticeable up to approximately 15°. This is interesting in view of the
recently proposed test method for determination of pure nonlinear shear

stress—-strain response on basis of the 10° off-axis tension test.
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APPENDIX

i) Ramberg-Osgood parameters for the Avco 5505 Boron-Lpoxy system

M

oy(psi)

N

T (psi) |
y(r )

3.434

26,155.2

4.430

9,593.9

ii) Elastic

B = .—1—
vy (E “E ) -(v E -V E )
) (v E -V E )(va11 )
B
B = ..—1. Em
12 v 2 2
m (Ef~Em) -(vam-vaf )
) (vgE =V Ep) (Eg-Epy)
2
21 ¥ 2 - T2
m l(Ef—Em) ~(vE -V Eg)
. (EE ) (VeE =)o)
Eny
B = .—1 Em
22 v 2 2
m (Ef-Em) —(va -vaf)
. (Eg-E ) (Eg=Fpy)
Eop
66 v l Gf—Cm C12
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where
6 6
Gm = 0.19 x 10 psi Gf = 24.0 x 10 psi
E_ = 0.49 x 10° pst E; = 58.0 x 10° pst
v_=0.31 o v, =0.20
m . f
v_= 0.50
m
_ 6
Gl2 = 0.88 x 19 psi
_ 6
Ell = 30.1 x 10" psi
E22 = 2.87 x 106 psi
v12 = (0.225

1ii) Determination of generalized yield stress. From experiment

p _ %92 O9pp M1 -
€, = 5 (—) . Also 0 = v2D,, © in contracted notation. Thus
12 2612 Ty 66 12 *
(o} 5 )N-l

P 12
€12 = 75, ¢
12 1. v2D
y 7766
From longitudinal tension and compression we obtain: C1 = § VBll in
contracted notation, where
. o KX
(xc+xt)
Xt, Xc being the magnitudes of yield stress in tension and compression

respectively. Similarly in transverse tension and compression

€y =1 /Dyy s
where
(YC-Yt)

n =
¥ _+Y)




From the invariance of o we also have:

-/2D66
P & W
and
2D
Ky, = G —=
t (1)

where S is the yleld stress in pure shear. Thus the function u_“_
T, VI

becomes:
o 1 S £ - S n
= — ) =550, + G "oy T9,
Ty /E;; Ty Xt (1+{,) 11 Yt (14n) 22
R } [N
-2 -2 :
2 a0 2 o,
+ J%") ll:z + (g") 522 + Oiz ’
Tt (1) T (14n) -

The parameters S, Xt, Yt’ f. and n have been evaluated from the vield
function given by Eq. (8) and the experimental data. The plastic

constraint factor Kp has been determined on the basis of yielding (i.c.

deviation from linearity) in transverse tension.







